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A method for comparing beam-hardening filter materials for diagnostic
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The necessity for using adequate beam filtration in diagnostic radiology is well known. Although
aluminum is the most widely used filter material for diagnostic x-ray applications, the possibility
that other materials might have superior properties has prompted a number of studies that have
attempted to determine both the type and the amount of filtration most appropriate for a given
situation. This paper describes a method based on precise matching of spectral shape that permits
the absolute ranking of beam-hardening materials. Matching of spectral shape ensures equality of
such parameters as image contrast and patient dose. Spectrally equivalent filters can then be
ranked on the basis of the transmission of one relative to another. Following the development of
the theory behind the method and an algorithm for implementing it, the method is applied to the
evaluation of a variety of materials for use as filters in diagnostic radiology. Experimental
verification of a few of the calculated results is also described. Both calculated and experimental
results show that normal aluminum filters are about 10% less efficient than filters of materials
such as copper, brass, or iron. Since the approach followed here was the basis for several early
investigations of filtration for orthovoltage therapy, a brief comparison of results from these early

reports with results calculated using the method developed here is also presented.

Key words: x-ray filters, Thoraeus filters, x-ray spectra, filter efficiency

I. INTRODUCTION

It has been recognized for over 50 yr that filter materials can
be compared on the basis of two different criteria, quantita-
tive equivalence and qualitative equivalence.'” Two filters
are quantitatively equivalent if they produce the same decre-
ment in exposure, as measured by an ionization chamber
type device, for a specified incident x-ray spectrum. Quanti-
tatively equivalent attenuators do not, in general, transmit
equal relative intensity distributions (spectra). From this it
can be shown that quantitative equivalence is dependent on
the incident spectrum, a fact that is well known and that
limits the usefulness of the concept.

According to the definition of Thoraeus,’ two filters are
qualitatively equivalent if they transmit the same relative
spectral intensity distribution for a given incident spectrum.
This is a strict definition for it requires that the transmissions
of the two filters be in the same ratio at all energies for which
the transmitted fluence rates are non-negligible. The value of
the qualitative equivalence approach to the comparison of
filters is that such filters can be ranked quantitatively on the
basis of a single figure of merit, the ratio of the transmission
of one to the transmission of the other, which by the defini-
tion is independent of energy. All other filter-dependent pa-
rameters, such as entrance skin exposure required to pro-
duce an image, contrast, and relative depth dose will be the
same. Moreover, once qualitative equivalence has been dem-
onstrated for a reference spectrum, it must hold for any oth-
er spectrum contained within the bounds of the reference
spectrum.

The relevance of the qualitative equivalence approach de-
pends on the existence of filter pairs that satisfy the defini-
tion. Although it is not immediately obvious that one can
find pairs of filters made from different materials that are
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qualitatively equivalent by the strict definition, it is a simple
matter to find pairs of filters that satisfy the more relaxed
definition of producing the same half-value layer (HVL) for
a given incident spectrum. Such filter pairs are good candi-
dates for qualitative equivalence by the strict definition since
strictly equivalent pairs, when used to filter the same spec-
trum, must produce transmitted spectra having the same
HVL. The less stringent definition has been widely used, and
was the basis for selecting filters to be compared on the basis
of other properties in the work of Mayneord and Roberts,”
and Trout ez al.® All of the investigators that have been men-
tioned attempted to verify the qualitative equivalence of the
filters they selected for study, Thoraeus by calculating trans-
mission curves from tabulated attenuation coefficients,’
Mayneord and Roberts by comparing photographic spectra
recorded using a Seeman spectrograph,” and Trout ef al. by
calculating spectra from transmission curves.’

The development of high-resolution, energy dispersive x-
ray detectors (high-purity germanium, for example) has
greatly improved the accuracy with which x-ray spectra can
be measured, thus permitting precise comparison of the
spectra transmitted by different filters. In an experiment to
compare copper and aluminum by this method, it was ob-
served that the shape of the spectrum transmitted by an alu-
minum filter could be reproduced identically, to within ex-
perimental uncertainty, by a copper filter of appropriate
thickness. It was also observed that the intensity of the beam
transmitted by the copper filter was greater than the intensi-
ty of the beam transmitted by the aluminum filter, and that
the advantage of copper over aluminum increased with filter
thickness. That experiment and a brief analysis of it have
been reported.* The spectra recorded for the experiment
have been reported by Siedband.® The theoretical develop-
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ment that follows is a generalized and more complete version
of the analysis in Ref. 4.

. THEORY

Let the narrow-beam transmission of two filters be given
by T, and T,, with corresponding attenuation coefficients
4, and i, , and thicknesses ¢, and ¢,. The situation observed
experimentally can be described mathematically by

T,/T, = exp(ut; — p,t,) =K. (N

The attenuation coefficients ¢, and ¢, depend on energy but
K does not, at least over the range of the spectrum observed
in the experiment. Taking the natural logarithm and energy
derivative of both sides of Eq. (1) yields

, / — 1\ dK
#ZtZ_)ultl'—(T)E—o
or
LM 2)
Lo
where
. dp
T dE

An alternative way of looking at Eq. (2) is that, even if the
existence of a match in spectral shape over a large energy
range has not been verified, adjusting ¢, for a given value of
t, sothat Eq. (2) is satisfied at some energy E forces dK /dE
to be zero at that energy. This guarantees a spectral shape
match at that energy and in the neighborhood of that energy.
This match is a result not of the energy dependences of the
processes by which x rays interact with matter but rather of
the property of the exponential function exp ( — ut) that,
when differentiated, the thickness ¢ appears as a parameter
that scales the derivative. Since no condition has been im-
posed on absolute transmissions, the ratio ¢, /¢, can be treat-
ed as an adjustable parameter that can be selected to provide
a spectral match.

By using Eq. (2) to substitute for either ¢, or¢, in Eq. (1),
it can be seen that X depends exponentially on filter thick-
ness. For example, if a pair of filters has a relative efficiency
K of 1.1, doubling the thickness of each filter will result in a
relative efficiency of 1.21. Depending on the materials in-
volved, K can assume large values for thick filters. Thus, it is
precisely in the circumstance that one wishes to increase fil-
tration substantially that the choice of material is most im-
portant. For any combination of materials, K tends to unity
as filter thickness approaches zero.

A simple example shows that the efficiency of any filter is
directly related to the rate of change of its transmission with
energy. In a case where one filter exhibits transmission val-
ues of 0.1 and 0.9 at two given energies, and a second filter
has transmission values of 0.1 and 0.3 at the same energies,
doubling the thickness of the second filter will produce
transmissions in the same ratio as the transmissions of the
first filter but smaller by an order of magnitude. Clearly, the
material whose attenuation coefficient decreases most rapid-
ly with energy is the most efficient.

To relate the preceding example to the relative perfor-
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mance of different materials, it is necessary to examine the
energy and atomic number dependences of the physical phe-
nomena involved in the interaction of x rays with matter.
The photoelectric coefficient varies rapidly with energy, ap-
proximately as 1/E 3, while the Compton coefficient is nearly
independent of energy. The magnitude of the photoelectric
coeflicient also varies rapidly with atomic number, approxi-
mately as Z >, while the magnitude of the Compton coeffi-
cient depends only weakly on Z. (The coherent scattering
coeflicient is not considered in this argument because it is
substantially smaller that the photoelectric coefficient at en-
ergies where the photoelectric effect is dominant and only
becomes comparable to it at energies where the Compton
effect dominates. ) Thus the efficiency of a material as a filter
will increase with atomic number up to the point where the
photoelectric effect dominates the behavior of the material
at all energies in the range of interest. Beyond that value of Z,
all materials for which the K-edge energy remains below the
energy range of interest will be very nearly equivalent. The
limitation to using higher atomic number materials is that
eventually the K-edge discontinuity in the photoelectric ef-
fect coefficient enters the useful range of energies, and the
filter transmits photons at energies below its K edge. To use a
material that has its K edge in the energy range of interest, it
is necessary that it be thick enough to have negligible trans-
mission below its K edge, or that it be used with an auxiliary
filter of lower atomic number that will suppress the low-
energy transmission of the main filter. The lower Z material
will also absorb the fluorescence radiation from the higher Z
filter.

The selection of filter thickness in accordance with Eq.
(2) guarantees a good spectral match in the neighborhood of
the energy at which the ratio u| /u} is evaluated. Qualitative
equivalence, however, requires a good match over an entire
spectrum, so it is necessary to look at the accuracy of the
spectral match between two materials over a large energy
range. One approach is to examine the behavior of 1] /5 as
a function of energy. If it is constant, then the ratio of thick-
nesses required for a spectral match is constant, and a perfect
match in spectral shape between filters of the two materials
can be achieved. Figure 1 shows a plot (solid curve) of
11 /15 vs energy for the range 10 to 150 keV, with aluminum
as material 1 and copper as material 2. The maximum and
minimum values of g{ /u; differ by more than a factor of 2.
For purposes of comparison, u,/u,, which is the ratio of
thicknesses required for equal transmission at a given ener-
gy, is also plotted in Fig. 1 (dashed curve).

Since the spectral match between copper and aluminum is
very good in the energy range examined,® even though the
value of p]/u; is clearly not constant, it is of interest to
examine analytically the error in the spectral match as a
function of energy when the thickness ratio ¢, /¢, has been
fixed. The appropriate quantity to examine is not the ratio
T,/T, but the difference in transmissions (7,/K;) — T,
where K|, is the value of K at the energy at which an exact
match is desired. The reason is related to the fundamental
nature of a filter, which is to preferentially remove only a
certain part of the spectrum. Only differences that are signif-
icant relative to the passband transmissions of the filters are
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Fi1G. 1. Plot of the ratio of thicknesses of aluminum and copper filters pro-
viding spectral shape matching (solid curve) and equal transmission
(dashed curve), as functions of energy.

important. For example, if two filters have transmissions
that differ by an order of magnitude at an energy at which
both have very low transmissions, say 10 ~* and 10 ~*, while
their transmissions at some other energy are matched and
are of the order of unity, the difference between them in a

practical sense is negligible, but the error in their transmis-.

sion ratio is large. On the other hand, two filters that have
transmissions matched at an energy at which the transmis-
sions are small, and differ by several percent at an energy at
which the transmission is high are sensibly different but will
have a much smaller error in transmission ratio than the
previous pair.

The approach taken here is to examine the energy deriva-
tive of the transmission difference. This expression, by the
fundamental theorem of calculus, is the integrand of the in-
tegral over energy that gives the transmission difference at
any energy. Study of the behavior of this integrand will make
clear the reason that the transmission error is less than might
be expected from the behavior of 1} /u}.

We define R =ui/u;, Ry =R(E,)=t,/t;, and K,

= K(E,). The transmission error & 1 is given by

%, = (TyK,) — T, (3)

By taking the energy derivative of both sides of Eq. (3) and
using the definitions above, it can be shown that

%
L~ pinT, (%——%—)—)/Ko. )

We note first that the derivative is zero at E, since the term
in parentheses vanishes. This should not be a surprise since
the derivative evaluated at E, is the coefficient of the first-
order term in the Taylor’s series expansion of the transmis-
sion difference. The definition of K, and the procedure used
to select 7, set this coefficient to zero. Also, variations in the
thickness ratio, represented by R,/R (the normalized in-
verse of the function plotted as the solid curve in Fig. 1), are
in part compensated by changes in K,/K since changes in
both are of the same sign. For example, if R increases, indi-
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cating that ¢, would have to be increased to provide a perfect
spectral match, K must also increase, since ¢, being too small
corresponds to T, being too large. Second, as energy is de-
creased from the match point, 7, becomes very small. Final-
ly, as energy is increased from the match point, z, becomes
dominated by the Compton effect, which is only weakly de-
pendent on energy, and its derivative | becomes very small.
Thus the integrand of the error integral is a product of three
energy-dependent terms, each of which becomes small in a
different energy region, with the result that the agreement
between the two filters at both ends of the energy range of
interest may be expected to be considerably better than the
“thickness fraction” curve (solid curve, Fig. 1) would indi-
cate. The quantitative verification of these qualitative obser-
vations will be discussed following the description of a nu-
merical filter matching algorithm based on the preceding
theory.

lll. NUMERICAL ALGORITHM

A numerical algorithm has been developed to determine
the best match between two filters and to evaluate the good-
ness of fit between their transmission curves. The first step in
the algorithm is the specification of the composition and
thickness of filter 1 and the composition of filter 2. Attenu-
ation coefficients and their derivatives are generated for ma-
terials 1 and 2 using the In ¢ vs In E polynomial fits provided
in the compilation of tabulated data of McMaster et al.® The
sum ruleis used if either material has more than one element.
Then ¢, /¢, is calculated at user-specified intervals in a user-
specified range of energies (see Fig. 1).

The next step in the algorithm is to determine the value of
t,/t, that results in the minimum root-mean-square (rms)
transmission error in the matching of the two filters over the
specified energy range. Following the treatment above, the
transmission error is taken to be the difference between the
actual transmission of one filter and the scaled transmission
of the other. One estimate of the scaling factor could be ob-
tained by evaluating Eq. (1) at the energy at which ¢, /¢, was
determined. However, the value obtained in this way would
probably not result in the best match, in an rms sense,
between the two filters. Instead, the error for a given value of
E (and therefore of t, /t, ) is calculated in the following way:

(1) calculate transmissions 7, and 7T, at every energy in
the range specified:

T(E)=exp[ —u,(E);], i=12 (5)

(2) calculate the average value of 7,/ T, weighted by T,
ie.,

K _ZE[(Tz/T1)T1]=<_7_}_> ; 6)

YT, T,

(3) calculate the rms error

v (zEu - Tz/TlKamT%)‘”;
2. T3

for every one of the NV values of #, /¢, that has been consid-

ered. The minimum value, and corresponding values of E,

t,/t, and K,, are saved.
Specification of the energy range, which determines the

(7

Tms
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limits over which the sums in steps 2 and 3 are performed,
serves as a coarse means of adjusting the algorithm to pro-
duce a good match for a particular spectrum. A better match
can be obtained by replacing the weighting term 7', in step 2
by T, S, where S represents the spectrum. In this case, & .
is given by

&z EE[(I——TZ/TIK,,V)T,S]Z)‘/Z
™ ( 2:(TS)° '
The result is, of course, less general.

As an example, the algorithm has been used to find the
best match between copper and a reference filter of 3.0 mm
of Al. A 100-kVcp x-ray beam with 2.5 mm of Al filtration,
from the compilation of Fewell ez al.” was used as the weight-
ing spectrum. The values of t, /1., ¢,, and K, determined by
the algorithm are 0.027 16, 0.081 47 mm, and 1.1172, re-
spectively. The value of 7, /¢, selected by the algorithm cor-
responds to 36 keV. The rms error in the match is 0.36%. To
illustrate the energy dependence of the matching of the two
filters, 7, T,,and T, /K, havebeen plottedin Fig. 2. A plot
of T, /T, is shown in Fig. 3, and filtered spectra 7,5 and
(T,/K,,)S have been plotted in Fig. 4. Although the devi-
ation of T, /7T, from the average value K,, becomes large at
low energies (Fig. 3), the small size of both T, and T, results
in very small differences in & ;, and thus in transmission
(Fig. 2) or spectra (Fig. 4) in the same energy range.

To verify the qualitative observations made earlier about
the behavior of d% ;./dE and % , the energy-dependent fac-
tors in Eq. (4) have also been calculated for the matching of
the 3.0-mm aluminum filter by copper. In this example, uni-
form weighting from 10 to 150 keV was used. Figure 5is a
plot of — u{ (E) as a function of energy. (The minus sign
renders the quantity positive since u is a decreasing function
of energy.) The transmission 7, is shown in Fig. 2. The
product — u; T, is plotted in Fig. 6. The influence of T,
forces the product to zero at low energy, and the influence of
H1 causes it to approach zero at higher energies. The quanti-
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F1G. 2. Transmission as a function of energy for 3.0 mm Al (solid curve),
and 0.081 47 mm Cu (dashed curve). The third graph (dotted curve) is the
transmission curve for Cu divided by 1.1172.
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FI1G. 3. Plot of the ratio of the transmission of a 0.081 47-mm Cu filter to the
transmission of a 3.0-mm Al filter. The horizontal line is drawn at a value of
1.1172, the value of the scaling factor K,, that yields the minimum rms
difference in 100-kVp spectra transmitted by the two filters.

ty (K, /K — R, /R) is shown in Fig. 7. As predicted, it is
zero at the match energy E,, which again is 36 keV. Both
d% r/dE and & (E) are shown as solid lines in Fig. 8. The
oscillations in d& ;/dE prevent the accumulation of large
values for & ;- (E). These quantities have been recalculated
using K, in place of K, and are plotted as the dashed curves
in Fig. 8. Shifting from K, (1.1161) to K, (1.1106) reduces
the rms error from 0.70% to 0.47%. The value of &  is less
than 0.01 everywhere in the 10- to 150-keV energy range
considered.

IV. CALCULATED RESULTS

The algorithm just described has been used to compare a
number of materials. For purposes of discussion, 3.0 mm of
Al have been selected as the reference filter. The same mate-
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FiG. 4. Plots of 100-kVp spectra transmitted by 3.0 mm of Al (solid curve)
and 0.081 47 mm of Cu (dotted curve). The Cu filtered spectrum has been
divided by the scaling factor 1.1172.
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F1G. 5. Plot of — u'(E) as a function of energy for aluminum.

rials have also been compared using copper as the reference
filter. The thickness, 0.083 37 mm, produced the best spec-
tral match to the 3.0-mm Al filter using uniform weighting
over the range 10 to 150 keV. Table I shows thickness ratio
R,, best-fit transmission ratio X,,, and rms error &, for
each material relative to aluminum for 10- to 150-keV uni-
form weighting (K edge to 150-keV uniform weighting for
materials with X edges above 10 keV) and for weighting by
65-, 100-, and 140-kVp spectra.”® Table II gives the same
parameters determined using copper as the reference filter.
Several conclusions can be drawn from these tables. First,
for quartz, chosen as a reasonable approximation of glass,
and all materials below it in the tables (higher in atomic
number), the spectral match to aluminum is very good, as
shown by the low values of & ... Moreover, ¢,/t, and K,
are nearly independent of the weighting spectrum used,
which is in agreement with the low values of &, for these
materials for the uniform 10- to 150-keV weighting, which
are all less than 1%. Consequently, for these materials, a
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FIG. 6. Plot of — u; (E) T, as a function of energy. Subscripts 1 and 2 refer
to aluminum and copper, respectively.
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FiG. 7. Plot of the quantity (K,/K — R, /R) as a function of energy [see
text, Eq. (4), for explanation].

single thickness ratio can be chosen that will provide a good
spectral match for any spectrum produced at a tube poten-
tial of 150 kV or less. In fact, for some pairs of materials, the
spectral match holds up to much higher energies. The gen-
eral qualitative equivalence of beam-hardening filter materi-
als is summarized in Fig. 9, which is a plot of &, as a
function of atomic number for matching to the copper refer-
ence filter by elements with atomic numbers from 3 to 50.
Uniform weighting from 10 to 150 keV, or from the K edge
1o 150 keV for atomic numbers from 31 to 50, was used. The
large values of & . for very low atomic number materials
indicate that they are simply not spectrally equivalent to
aluminum in thicknesses sufficient to provide useful filtering
properties.

However, Eq. (4) indicates an approximately linear de-
pendence of & ; on filter thickness, leading to the expecta-
tion that a good match in spectral shape is achievable for
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FiG. 8. Plots of transmission error &, [Eq. (3) in text] and its energy
derivative d & ,/dE [Eq. (4)] as functions of energy, plotted as solid
curves. These quantities have been recalculated with X, in place of K, and
are plotted as dashed curves.
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TaBLE L. Performance of filter materials relative to aluminum: U * indicates uniform weighting from 10 to 150 keV, except as noted. Calculations based on an

aluminum thickness of 3.0 mm.

Spectrum (kVp) 65 100 , 140 U*
Atomic No. t2/tl Kav grms t‘Z/tl Kav grms tZ/tl Knv grms tZ/tl Kav ‘grms
4 Be 57.13 0.0096 5.36% 38.63 00526 7.17% 29.98 0.1122  7.88% 23.41 02104 12.1%
6C 20.85 0.2057 210% 17.66 0.2883  3.46% 1584 0.3445 4.18% 12.87 0.4653  6.53%
PMMA 19.43 0.3068 1.65% 16.85 03899 2.82% 15.40 0.4409  3.46% 1290 0.5486  5.46%
(CsH,0,, p = 1.19)
Quartz 1427 09415 004% 1420 09453 0.15% 1416 09473 022% 1392 09558  0.42%
(Si0,, p = 2.65)

12 Mg 2016 09606 0.10% 2022 09592 0.06% 2022 09596 007% 2005 09633 0.17%

14 Si 0.8957 1.0325 0.11% 09011 10287 0.13% 09030 10275 0.14% 09080 10242 0.22%

23 Va 0.08231 1.1046 031% 008171 1.1079 0.18% 008152 11074 0.17%  0.08334 11004 041%

26 Fe 0.04189 1.1115 0.41% 004142 1.1166 023% 004131 1.1160 0.20% 004241 11081 0.47%

28 Ni 0.02923 1.1125 0.48% 002884 1.1188 0.28% 002878 1.1182 0.22% 002951 11109  048%

29 Cu 0.02767 1.1083 0.58% 0.02716 1.1172 0.36% 0.02705 1.1173 025% 002779 11106 047%

30 Zn 0.03071 1.1116 0.57% 0.03024 1.1192 0.34% 003014 1.1191 0.24% 003097 11121  041%

39Y 0.02605 1.0924 121% 002495 11147 085% 002463 11177 057% 002552 1.1130  0.79%
(18-150 keV)

47 Ag 0.00720 1.0760 1.18% 000681 1.1052 1.02% 000672 1.1099 077%  0.00673 1.1120  0.63%
(26-150 keV)

50 Sn 0.01137 10831 0.71% 001081 11071 073% 001070 1.1106 0.58%  0.00833 1.1133  0.42%
(30-150 keV)

even very low-Z materials relative to aluminum or copper if
the thickness is sufficiently small. Trivially, the match is ex-
act (&  is zero and K|, unity) when filter thickness is zero.
The good match found by Nagel between 30 mm of Be and
0.365 mm of aluminum is a nontrivial example.’ Thus the
spectral equivalence approach provides an accurate means
of specifying in terms of a standard material the beam-shap-
ing properties and relative throughput of low-Z materials of
thicknesses typically encountered in x-ray tube construction
(Be, or insulating oil and plastic, for example).

To examine the goodness of fit for various spectra using a
single filter thickness ratio, we compared 3.0 mm of Al to
0.083 37 mm of Cu. Values of K, and &, for five different
weighting spectra, data for which are given in Refs. 7 and 8,
are shown in Table III. The matching errors increase only

slightly compared to those in Tables I and II. The maximum
variation in K,, amounts to 0.3% from a mean value of
1.1094.

Second, as anticipated in the qualitative discussion of fil-
ter behavior, lower atomic number materials have a
“throughput” deficit relative to higher Z materials. The defi-
cit decreases as Z increases, and in the case of the 0.083 37
mm Cu reference filter becomes less than 19 for vanadium,
which has an atomic number of 23. This information is sum-
marized in Fig. 10, where K, relative to the Cu reference
filter has been plotted as a function of atomic number for
atomic numbers from 3 to 50. Again, uniform weighting
from 10 keV or the K-edge energy to 150 keV was used. Since
the efficiency of one filter relative to another depends expon-
entially on thickness, the deficit shown by the lower Z mate-

TABLE II. Performance of filter materials relative to copper: U * indicates uniform weighting from 10 to 150 keV, except as noted. Calculations based on a

copper thickness of 0.083 37 mm.

Spectrum (kVp) 65 100 140 U*
Atomic No. L/t K., % ms L/4 K, & rms L/t K, & ems 5/, K. & s

4 Be 2104 0.0077 4.85% 1455 0.0405 7.04% 1078 0.1012 8.02% 840.2 0.1904 122 %

6C 758.4 0.1816 1.61% 647.7 0.2516 3299%  581.9 0.3013 426% 470.2 0.4127 6.72%

PMMA 700.3 0.2767 1.17%  621.1 0.3401 2.64%  568.4 0.3853 3.52% 473.2 0.4860 5.66%

(CHiO,, p =1.19)
Quartz 51.56 0.8491 0.56% 52.21 0.8432 0.30% 52.21 0.8448 0.34%  50.05 0.8608 0.79%
(810, p = 2.65)

12 Mg 72.75 0.8672 0.68% 74.52 0.8552 0.41% 74.83 0.8550 0.30%  72.18 0.8672 0.63%

13 Al 36.14 0.9010 0.58% 36.82 0.8928 0.36% 36.97 0.8923 0.25%  35.98 0.9004 0.47%

14 Si 32.44 0.9303 0.68% 33.15 0.9193 0.47% 33.40 0.9175 0.32%  32.67 0.9222 0.46%

23 Va 2979  0.9961 0.27% 3.007 09916 0.19% 3.017 0.9907 0.14% 3.002 0.9907 0.19%

26 Fe 1.513  1.0032 0.17% 1.524  0.9996 0.15% 1.528  0.9987 0.12% 1.528 0.9976 0.15%

28 Ni 1.056  1.0040 0.10% 1.061 1.0017 0.10% 1.062  1.0011 0.09% 1.063 1.0001 0.11%

30Zn 1.111 1.0027 0.01% 1.112  1.0022 0.02% 1.112  1.0020 0.03% 1.113 1.0015 0.04%

9Y 0.9419 0.9854 0.64% 0.9183 0.9977 0.51% 0.9109 1.0002 0.30% 0.9183 1.0023 0.53%
(18-150 keV)

47 Ag 0.2622 0.9689 0.83% 0.2511 0.9895 0.80% 0.2492  0.9929 0.67% 0.2442  1.0009 0.66%
(26-150 keV)

50 Sn 0.3301 0.9705 0.54% 0.3157 0.9899 0.63% 0.3110 0.9947 0.57% 0.3028 1.0020 0.52%
(30-150 keV)
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F1G. 9. Plot of spectral match error & for elements with atomic numbers
from 3 to 50, relative to a 0.083 37-mm Cau filter, as a function of atomic
number.

rials will be greater for thicker reference filters, and the value
of Z for which the deficit becomes negligible will be greater.
This is shown by a second plot in Fig. 10, of K, relative to a
0.25-mm Cu reference filter. These data have been renormal-
ized by dividing by 1.014, the average of the K, values rela-
tive to the copper reference filter for atomic numbers from
36 to 50. The first element to be within 1% of the asymptotic
value of K, is zinc, which has an atomic number of 30.

Finally, comparison of relative efficiencies and thickness
ratios from Tables I and II demonstrates that the errors in
the spectral matching of copper and aluminum are suffi-
ciently small that reasonably accurate values of K, and R,
for a third material relative to copper for instance, can be
calculated from Table I using the data for copper and the
third material relative to aluminum. Conversely, values rela-
tive to aluminum can be calculated from Table II using the
data for aluminum and the third material relative to copper.
To give an example, R, and K,, for Mgand Curelative to Al
for the case of uniform weighting are 2.005 and 0.9633, and
0.027 79 and 1.1106, yielding vatues for Mg relative to Cu of
72.15 for R, and 0.8674 for K,,. The corresponding values
from Table IT are 72.18 and 0.8672. By extension, reasonably
accurate values for any pair of materials for which & is
small can be obtained from either table.

V. EXPERIMENTAL VERIFICATION

High-resolution, energy-dispersive measurements of x-
ray spectra have been used to test the numerical method for

TaBLE II1. Comparison of spectral matching parameters determined using
uniform weighting with best-fit parameters, for several spectra.

Uniform weighting Best fit
kVp t,/t, K,, & rms 5/t K,, & s
65 0.027 79 1.1059 0.59%  0.027 67 1.1083 0.58%
80 0.027 79 1.1079 0.60%  0.027 41 1.1136 0.49%
100 0.027 79 1.1105 0.56%  0.02716 1.1172 0.36%
120 0.02779 1.1112 0.51% 0.02714 11171 0.28%
140 0.027 79 1.1114 0.46% 0.027 05 1.1173  0.25%
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relative to a 0.083 37-mm Cu reference filter as a function of atomic number
(solid curve). Also shown is K,, for the same elements relative to a 0.25-

mm Cu filter (dashed curve). The second curve has been renormalized by
dividing by 1.014 (see text).

finding and evaluating qualitatively equivalent filters. The
measurements were made using high-purity germanium de-
tectors and multichannel analyzers (MCA’s). In one set of
experiments, which have been previously reported,*’ two
thicknesses of copper were compared to experimentally de-
termined best match thicknesses of aluminum. An 86-kVp
spectrum was used for the test. The first filter tested, 0.10
mm of Cu, was matched by 3.7 mm of Al. The second filter,
0.25 mm of Cu, was matched by 9.3 mm of Al. The smallest
increment in aluminum thickness available was 0.1 mm. In
both cases the transmitted spectra matched very closely.’

When the spectra were measured, data accumulation was
terminated when a predetermined number of counts had
been recorded. The relative filter efficiency could then be
calculated from the MCA live times required to acquire a
pair of spectra. Table IV shows the experimentally deter-
mined values of K,, for the two sets of filters along with
values calculated for the same filter thicknesses using a 90-
kVp weighting spectrum. Although the agreement between
experimental and calculated values is not perfect, especially
for the thicker filter pair, it is within the experimental uncer-
tainty resulting from x-ray generator output variations and
imprecision in the measurement of the thicknesses of the
filters that were used.

The filter matching algorithm predicts slightly different
thicknesses for the best match aluminum filters than were
used experimentally. When adjustment was made in order to
calculate K,, for the experimental thicknesses, it was found
that although K,, changed, the error in the spectral match
was only slightly affected. The implication of this is that it
should be reasonably easy to achieve a spectral match be-
tween two filter materials experimentally, but the observed
relative efficiency of the filters may differ from the values in
the tables.

In another experiment, which was performed to evaluate
claims for the superiority of the filtration properties of yt-
trium (Y) compared to other materials,'* spectra transmit-
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TABLE IV. Experimental measurement of efficiencies of two copper filters relative to spectrally equivalent aluminum filters.

Filter Counting times (s) Time ratio K, (theory) Error
0.1 mm Cu 390
3.7 mm Al 451 1.156 1.148 0.7%
0.25 mm Cu 180
9.3 mm Al 248 1.378 1.416 2.8%

ted by filters of 0.10 mm Y, 0.11 mm Cu, and 4.08 mm Al
were measured and compared. The incident spectrum was
nominally 80 kVp, with a 1.5-mm Al filter added to the in-
herent tube filtration. Measurements were made both with
and without a phantom that simulates the attenuation of the
human chest.!!

Spectra without the phantom are shown in Fig. 11, and
spectra with the phantom are shown in Fig. 12. All plots
have been normalized to have the same area. Additional data
for the six spectra are given in Table V. The values listed
include the total number of counts recorded, tube current,
counting time (MCA live time), percent dead time of the
pulse pile-up rejection system that was used, calculated
HVL’s of the spectra, and the actual kVp, observed with
voltage dividers, during data collection. The table also lists
both experimental and calculated filter efficiencies, relative
to the aluminum filter, for the copper and yttrium filters.
The experimental values have been corrected for differences
in the dead time of the pulse pile-up rejection system and in
tube current. As the HVL values and the spectra themselves
demonstrate, the spectral match is good. Agreement
between experimental and calculated relative filter efficien-
cies is also good. These data thus confirm the validity of the
theory, as well as the numerical algorithm based on it, for
materials with a wide range of atomic numbers (13, 29, and
39 for Al, Cu, and Y, respectively). These data, along with
results from Tables I and II, also clearly show that yttrium
has no special advantage over materials such as copper or
iron, contrary to the conclusions of Wang et al.'® A more
detailed analysis of their report has been given elsewhere.'?
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FIG. 11. Spectra transmitted by filters of 0.10 mm Y, 0.11 mm Cu, and 4.08
mm Al The incident spectrum was produced at 80 kVp, and filtered by 1.5
mm of Al in addition to the inherent filtration of the tube. All curves have
been normalized to have the same area.
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V. COMPARISON WITH PREVIOUS RESULTS

A considerable body of work exists on the efficiency of
qualitatively equivalent filters for orthovoltage therapy, ex-
emplified by the work of Thoraeus,"'* Mayneord and Ro-
berts,? and Trout, et al.’ In this section we compare calcula-
tions performed using the approach described above with
previously published results.

Thoraeus, in his initial published report on the subject of
qualitatively equivalent filters,' gave three conditions for the
qualitative equivalence of x-ray spectra: (1) same minimum
wavelength (maximum energy); (2) same maximum wave-
length (minimum energy); and (3) same relative spectral
intensity distribution. Condition (1), as he stated, is simply
the requirement that the spectra be generated at the same
tube potential. Assuming no differences in high-voltage
waveforms, condition (3) is given in mathematical terms by
Eq. (1). In considering condition (2), Thoraeus recognized
that, rigorously, one cannot speak of an end point for x-ray
spectra since x-ray attenuation is exponential. He therefore
proposed the practical definition of minimum energy as that
energy for which the filter transmission is 10 3. He used this
definition to calculate thicknesses of filters to be used in ex-
periments. Condition (2) can be written as

exp( — p,,) = exp( — u,t,) = 1077,
Thiis leads directly to the condition that
L/t =/
which is inconsistent with Eq. (1). However, the require-
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FIG. 12. The same spectra shown in Fig. 11 but attenuated by a phantom
simulating the attenuation of an average chest. The curves have been nor-
malized to the same area as in Fig. 11.
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TABLE V. Spectroscopic comparison of aluminum, copper, and yttrium filters.

HVL Dead Total Corr.
Filter kVp mAs mm Al time counts counts K,, (exp.) K, (theory)
No Phantom
4.08 mm Al 80.3 1.22 4.56 4% 3.955x 10° 4.120% 10° e e
0.11 mm Cu 80.3 1.22 4.50 5% 4.514x 10° 4.751 < 10° 1.153 1.167
0.10mmY 80.4 1.22 443 5% 4,508 x 10° 4.745x 10° 1.152 1.172
With Chest Phantom
4.08 mm Al 80.3 1.72 6.46 4% 2.039x 10° 2.124x10° e e
0.11 mm Cu 80.3 1.72 6.45 5% 2.327x10° 2.450 X 10° 1.154 1.164
0.10mmY 80.3 1.73 6.44 5% 2.328 X 10° 2.436 < 10° 1.147 1.161

ment that the transmission be 10 ~ * implies large values of u,
assuming reasonable filter thicknesses, or in other words,
that u, /u, be evaluated at low energies. Figure 1, which
shows both u,/u, and ] /u} plotted as functions of energy
demonstrates that these functions are closest for low ener-
gies. Thus even though Thoraeus’ maximum wavelength
condition was not valid, it resulted in the selection of filter
thicknesses that were close to correct.

In the same paper Thoraeus presented experimental re-
sults for the comparison of copper with aluminum, and tin
with copper.' In the case of copper and aluminum, he calcu-
lated that 0.5 mm of Cu and 16.0 mm of Al would be spec-
trally equivalent. In comparing calculated transmission
curves for these filters, he found them to be in the ratio of
1.74 to 1. Our algorithm predicts a thickness of 16.7 mm of
Al to match 0.5 mm of Cu, with the ratio of transmissions,
K,, equal to 1.75. The value of K, giving the best agreement
between 16.0 mm of Al and 0.5 mm of Cu is 1.68. Thoraeus’
experiments showed the ratio of transmissions of these filters
to be 1.40.

Although Thoraeus reported both calculated and experi-
mental data for a number of tin-based filters,"!? results will
be compared only for the one he designated as the “‘normal”
tin filter, which consisted of 0.44 mm Sn + 0.25 mm
Cu + 1.0 mm Al Thoraeus’ original calculation' indicated
that the “normal” filter would be qualitatively equivalent to
2.0 mm Cu + 1.0 mm Al Using a 165-kVp spectrum, he
found that it was matched by 2.1 mm Cu 4 1.0 mm Al, with
a relative efficiency of 1.30. He later reported that the “nor-
mal” filter was equivalent to 2.06 mm Cu + 1.0mm Al, with
a relative efficiency of 1.25. On removing the common ele-
ments of the two filter sets, Thoraeus’ finding results in the
claim that 0.44 mm of Sn is spectrally equivalent to 1.81 mm
of Cu. We find, using uniform weighting from 40 to 150 keV
instead of a 165-k Vp spectrum, that 0.44 mm of Sn is qualita-
tively equivalent to 1.62 mm of Cu, with a relative efficiency
of 1.14. On the other hand, K,, for 0.44 mm of Sn relative to
1.81 mm of Cu is 1.225, and &, for this combination is
3.2%. We conclude that, given the error in Thoraeus’ meth-
od of cglculating equivalent filter thicknesses and the rela-
tive insensitivity of the spectral match to exact thickness,
there is reasonable agreement between our computational
method and his results for thicknesses of filters that are qual-
itatively equivalent. In comparing values of relative effi-
ciency K,, found by Thoraeus and by our method, agree-
ment is again good, except for the experimental value found
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by Thoraeus in comparing Cu and Al. In that case, his own
calculated value also disagreed with the experimental result.

Shortly after the publication of the papers of Thoraeus, "'
Mayneord and Roberts published a study entitled “The
‘Quality’ of High Voltage Radiations.”” They discussed
quantitative and qualitative equivalence of filters in much
the same way as Thoraeus, and concluded that, from a prac-
tical point of view, equality of HVL was the best alternative
available for selecting qualitatively equivalent filters. Al-
though they investigated several materials, copper and tin
are the only ones for which relative efficiencies for qualita-
tively equivalent pairs were given.

The data were presented as curves of percent improve-
ment for tin relative to copper as a function of HVL at three
different tube voltages. Corresponding filter thicknesses are
available from their plots of HVL versus filter thickness. We
have selected one point from each of the three efficiency
curves for comparison with calculations done using the algo-
rithm described above. Their data and our results are listed
for each tube potential in Table V1.

Since spectra at the high voltages considered here were
not available for use in weighting our calculations, we used
uniform weighting over an interval somewhat smaller than
the range of the spectra used by Mayneord and Roberts. The
range, and the step size within that range, are given in the
table. Since our “best match” filter thicknesses are different

TaBLE VI. Thoraeus filters: Comparison of theory with data of Mayneord
and Roberts.

Copper Thoraeus
Spectrum filter filter K,, % s
200 kVp 20mm  0.5mmCu* 1.19
0.43 mm Sn oo
50-180 keV in 1.5 mm 0.407 mm Sn* .13 03%
1-keV steps 1.5mm 043 mm Sn° 1.10 1.4%
300kVp 30mm  05mmCu* 1.38
0.625 mm Sn
50-280 keV in 2.5mm  0.69 mm Sn* 1.20 0.7%
2-keV steps 25mm  0.625mmSn” 124 2.2%
380 kVp 4.0 mm 0.5 mm Cu™* 1.41
0.70 mm Sn
50-340 keV in 3.5 mm 0.997 mm Sn* 128 1.2%
2-keV steps 35mm  0.70 mm Sn° 140  7.0%

*Values for best spectral match.
® Values obtained using Sn thickness used by Mayneord and Roberts.
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than the ones found by Mayneord and Roberts to give equal
HYVL’s, we also include in the table results obtained by forc-
ing the algorithm to use their thicknesses. Values of & are
included to give an indication of the degree to which the
spectral match is compromised by doing this.

Examination of Table VI shows that the agreement in tin
thickness for a given thickness of copper is good at tube po-
tentials of 200 and 300 kV, but the efficiencies predicted by
our method do not agree very well with the values found by
Mayneord and Roberts. At 380 kV, just the opposite is true.
The tin thicknesses are substantially different, but the rela-
tive efficiency calculated by our method for the tin thickness
used by Mayneord and Roberts matches very closely the
value they found experimentally. Despite these quantitative
differences, the qualitative behavior they observed is in
agreement with that predicted by our analysis in that the
relative advantage of tin over copper increases with filter
thickness.

In 1961, Trout ef al. applied the results of their recently
completed investigation into improved techniques for deter-
mining HVL" to a reexamination of the relation between
Thoraeus filters and copper filters.> As was the case with
previous workers, they reported efficiencies of Thoraeus
filters relative to copper filters as a function of HVL. They
reported data for three tube potentials, 200, 250, and 300
kVp. Several examples that were discussed in the paper have
been selected for comparison. Their data and our calcula-
tions are compared in Table VII, in a manner analogous to
Table V1. Except for the case of the heaviest filter at 300
kVp, the agreement in filter thickness for pairs of filters
yielding equal spectra is very good, and demonstrates the
importance of eliminating the effects of scatter in measure-
ments of HVL. There are consistent differences between our
calculated ratios of the transmission of Thoraeus filters rela-
tive to copper and the measured data of Trout et al. Our
calculated values are all higher than the experimental data.
Most of the differences are in the range of 20% to 35% when
calculated in terms of the advantage of the Thoraeus filter
over copper, or 5% to 15% when taken as errors in transmis-
sion.

VIl. DISCUSSION

The results of our calculations indicate that materials
such as copper or iron are preferable to other beam-harden-
ing filters in the normal diagnostic x-ray energy range. Since
the advantage of these materials over aluminum in the nor-
mal range of thicknesses is only about 10%, it seems unlikely
that replacement of filters in existing equipment is warrant-
ed. However, in applications where heavier filtration is de-
sired, the use of copper or iron is definitely worthwhile.
When these materials are selected for use, 0.5 mm of Al
filtration should be retained, downstream from the main fil-
ter, to suppress fluorescence radiation and transmission at
energies below the K edge of the main filter. For applications
involving beryllium window tubes, iron is preferred over
copper. The K edge of copper, at 8.98 keV, is just above the
L, lines of tungsten at 8.33 and 8.40 keV, so that the alumi-
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TABLE VIIL Thoraeus filters: Comparison of theory with data of Trout et al.

Copper Thoraeus
Spectrum filter filter K, &,
200 kVp 20 mm 025mmCu™ 1.05
0.51 mm Sn
50-180 keV in 1.75mm  0.47 mm Sn® 115 03%
1-keV steps 1.75mm  0.51 mm Sn® .11 2.0%
250kVp 41 mm 0.25mmCu* 1.25
1.10 mm Sn
50-230 keV in 385mm  1.06 mm Sn® 1.34  0.6%
2-keV steps 3.85mm  1.10 mm Sn® 132 12%
300 kVp 2.7 mm 0.25 mm Cu™ 1.13
0.68 mm Sn
50-280 keV in 245mm  0.68 mm Sn° 120 0.7%
2-keV steps
300kVp 40 mm 0.25mmCu* 1.23
1.06 mm Sn
50-280 keV in 3.75mm  1.06 mm Sn° 131 09%
2-keV steps
300 kVp 78 mm 0.25mm Cu™ 1.55
2.0 mm Sn
50-280 keV in 7.55mm  2.19 mm Sn® 1.70 1.4%
2-keV steps 7.55mm  2.00 mm Sn° 179 2.8%

* Values for best spectral match.
®Values obtained using Sn thickness used by Trout et al.
¢ Best spectral match thickness equals experimental thickness.

num equivalence of a copper filter for these lines is a factor of
10 less than at slightly higher energies.

The recent work of Koedooder and Venema'® indicates
that iron, copper, etc., may also be preferable to K-edge
filters. They considered the case of imaging iodine in water,
and chose to hold contrast and tube loading constant. Filters
were compared on the basis of dose reduction. In those cases
where K-edge filters did perform better, the advantage was
only a few percent. If, as seems likely, this result also holds
for the imaging of other targets, then the question of the best
filter material for general diagnostic radiology may be put to
rest and effort can be put into other, more productive areas
of research. Practical considerations will continue, however,
to make nonoptimal materials useful when they have other
desirable but unrelated properties. Transparent, lead-loaded
acrylic plastic is an example. Add-on filters of this material
can be used for the occasional exam requiring extra filtration
done in a busy room since they can be added outside the
collimator without interfering with the collimator light field.
In this application they produce a useful improvement when
the alternative, if one were limited to “optimal’” materials,
would be no improvement at all.

A few calculations have also been performed for the mam-
mographic energy range. Good spectral matching can also
be achieved in this energy range, but filter thickness ratios
depend more strongly on the spectrum or energy range in
question and on the amount of filtration being considered, so
no data have been tabulated. However, it seems unlikely that
aluminum will be displaced as the filter material of choice for
mammography by another beam-hardening filter material.
At 45 kVp, replacing 3.0 mm of Al filtration (taken as an
upper limit for filtration in xeromammography) by 0.5 mm
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of Al and the iron equivalent of the remaining 2.5 mm of Al
results in a reduction in tube loading of only 7%. At lower
tube voltages and with less Al filtration, the advantage of
other materials is negligible.

A situation similar to that observed by Koedooder and
Venema for the normal diagnostic energy range appears to
obtain for mammography as well. Muntz et al.,'® in calcula-
tions to determine the minimum dose configuration for a
mammographic imaging system with fixed imaging perfor-
mance, considered aluminum as well as a variety of K-edge
filters. Aluminum filtration always resulted in the lowest
dose configuration. Calculated data recently reported by
Stanton et al.'” seem to be consistent with this observation.

The spectral matching approach presented here has appli-
cations beyond the evaluation of beam-hardening filters. It
can, for example, be used in evaluating the attenuation prop-
erties of materials commonly used as tissue substitutes. To
illustrate, consider the use of polymethylmethacrylate
(PMMA, also known as Lucite, Plexiglas, Perspex) as a
substitute for breast tissue. Using data from Hammerstein et
al.'® for the composition of 50% adipose/50% glandular
breast (H, 0.107; C, 0.4015; N, 0.0245; O, 0.464; P, 0.001; S,
0.002; density, 0.985), and the formula and density
(CsH0,, 1.19) for PMMA, and using uniform weighting
over the energy range 10 to 50 keV, our algorithm indicates
that 4.50 cm of breast tissue is spectrally equivalent to 4.477
cm of PMMA. The transmission of the PMMA relative to
the breast tissue is 0.863. The spectral match in this case is
very good, & .. being only 0.2%. Information of this type
may be useful not only in selecting materials for tissue simu-
lation but also in comparing results of experiments done
with phantoms of different compositions.

Another application involves K-edge filters. Good
matches can be achieved between beam-hardening materials
and K-edge filters for energy ranges that have the K edge as
either their upper or lower limit. Although we arrived at this
conclusion independently, it has been discussed previously
by Chan et al."® and Bauml.?° We have discussed an applica-
tion of this aspect of the spectral matching technique to the
generation of subtracted spectra that may be useful for dual-
energy imaging.*'

One aspect of the use of beam filters that our approach
does not address directly is the influence of scatter generated
in the filter. The importance of scatter from the filter was
clearly demonstrated by the work of Trout et al.'* Ardran
and Crooks? studied filter-generated scatter under condi-
tions relevant to diagnostic equipment by performing experi-
ments in which added aluminum filtration was placed at
different positions within the tube collimator. Recently,
Karellas et al.>* have argued that the relative amount of scat-
ter generated should be the criterion used in comparing filter
materials. While we feel that the criterion of maximum
throughput is more relevant, it should be pointed out that
this criterion implies the selection of the material with the
most rapidly varying attenuation coefficient, and therefore
the largest ratio of photoelectric to scattering coefficient,
consistent with K-edge and fluorescence radiation con-
straints. Thus it is optimal with regard to the criterion of
Karellas et al. as well.
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VIII. CONCLUSIONS

We have presented a method based on precise matching of
spectral shape that permits the absolute ranking of beam-
hardening materials on the basis of a straightforward, objec-
tive criterion, their relative transmission. We have demon-
strated that the required spectral matching can be achieved
under circumstances that are sufficiently general that the
approach can be applied to most situations in diagnostic ra-
diology and orthovoltage therapy. We have presented ex-
perimental verification of our calculated results, and have
shown that our calculational method produces results that
are in reasonable agreement with earlier work on the evalua-
tion of Thoraeus filters. We have also touched on some of the
other possible applications of the idea of spectral matching.
Although this concept goes back to the work of Thoraeus, "'
it has received little attention from researchers in diagnostic
radiology, with the exception of the recent work of Nagel.’
The concept is very useful, however, because it can be ap-
plied independent of the details of the spectra under consi-
deration, a property that the concept of attenuation equiv-
alence does not enjoy, and because of the insight it provides.
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